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Abstract
This thesis is devoted to studying two important aspects of braneworld physics:
their cosmology and their holography. We examine the Einstein equations induced
on a general (n − 2)-brane of arbitrary tension, embedded in some n-dimensional
bulk. The brane energy-momentum tensor enters these equations both linearly
and quadratically. From the point of view of a homogeneous and isotropic brane
we see quadratic deviations from the FRW equations of the standard cosmology.
There is also a contribution from a bulk Weyl tensor. We study this in detail when
the bulk is AdS-Schwarzschild or Reissner-Nordstro¨m AdS. This contribution can
be understood holographically. For the AdS-Schwarzschild case, we show that the
geometry on a brane near the AdS boundary is just that of a radiation dominated
FRW universe. The radiation comes from a eld theory that is dual to the AdS bulk.
We also develop a new approach which allows us to consider branes that are not
near the AdS boundary. This time the dual eld theory contributes quadratic energy
density/pressure terms to the FRW equations. Remarkably, these take exactly the
same form as for additional matter placed on the brane by hand, with no bulk Weyl
tensor.
We also derive the general equations of motion for a braneworld containing a
domain wall. For the critical brane, the induced geometry is identical to that of a
vacuum domain wall in (n−1)-dimensional Einstein gravity. We develop the tools to
construct a nested Randall-Sundrum scenario whereby we have a \critical" domain
wall living on an anti-de Sitter brane. We also show how to construct instantons on
the brane, and calculate the probability of false vacuum decay.
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1.1 From three to four dimensions
For centuries, physicists and philosophers have puzzled over the dimension of our
universe. Why is it we only experience three spatial dimensions? Kepler [?] rea-
soned that the threefold nature of the Holy Trinity [?] was responsible. The advent of
Special Relativity [?] and Maxwell’s theory of electromagnetism led to Minkowski’s
suggestion [?] that we should understand physics geometrically in four-dimensional
spacetime rather three-dimensional space. As observers, we only notice the \mixing"
of space and time at very high speeds, through phenomena such as length contrac-
tion and time dilation. Ever since Minkowski’s breakthrough, physicists have been
tempted to play with the dimensionality of our universe, either to nd new expla-
nations to old problems, or to \tidy up" existing theories. A particularly important
example of this was Kaluza-Klein theory [?,?,?]. For a nice introduction to higher
dimensions, see [?].
1.2 Kaluza-Klein theory
Kaluza’s [?] aim was to unify gravity and electrodynamics. Gravity is well described
at a classical level by the General Theory of Relativity [?]. This states that matter
causes the universe to curve, with particles moving along geodesics in this curved
geometry. If matter is described by the four-dimensional energy-momentum tensor,
1
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Tµν , and G is Newton’s constant, then
Meanwhile, the Maxwell equations for a gauge potential, Aµ, coupled to a source
of electromagnetic current, jµ, are given by
Now we can expand the metric as a Fourier series of the form
Let us now focus on the zero mode, ~gAB(x). We could dene ~gµν , ~gµz and ~gzz
to be the four-dimensional elds gµν , Aµ and φ. In order that our results are more
transparent we will actually dene the components of the metric in the following
way:
Kaluza-Klein type compactications can be more complicated than simply com-
pactifying on a circle. The important thing is that the extra dimension is small so
that we do not excite massive modes. We can truncate to massless modes and read
o the eective theory in four dimensions.
We need not restrict ourselves to just one extra dimension either. In fact, higher
dimensions have become very fashionable in the last twenty years, mainly due to the
success of string theory as a possible quantum theory of gravity. At the quantum
level, bosonic string theory is only consistent1 in twenty-six (!) dimensions, although
this gure is reduced to ten when we introduce supersymmetry. Furthermore, there
are ve distinct string theories which can be viewed as dierent elements of an
embracing new theory, M-theory [?,?,?]. M-theory lives in eleven dimensions and
has eleven-dimensional supergravity as its low energy limit.
Traditionally we achieve the reduction down to four dimensions using Kaluza-
Klein techniques. If we start with a (4 + n)-dimensional theory, we compactify on a
1Actually, bosonic string theory contains a tachyon, but we will ignore that here.
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small n-dimensional manifold. Dierent manifolds generally give dierent eective
theories in four dimensions. The one thing all of these manifolds have in common
is that they are very small, and compact.
There is, however, an alternative to Kaluza-Klein compactication. This is the
idea that we live on something called a braneworld, where the extra dimension can
be innite.
1.3 Introduction to braneworlds
The idea is that our four-dimensional world is nothing more than an innitesimally
thin 3-brane, embedded in a (4 + n)-dimensional spacetime [?, ?]. All Standard
Model elds are bound to the brane, although gravity may propagate into the extra
dimensions.
Of particular interest to us here are the Randall-Sundrum braneworlds [?, ?].
There are in fact two models. The Randall-Sundrum I model [?] is introduced in
detail in section 2.1. Here we have two 3-branes of equal and opposite tension sep-
arated by some ve-dimensional anti-de Sitter bulk. In order to preserve Poincare
invariance on the branes, we ne tune the brane tensions against the bulk cosmo-
logical constant.
The most important quality of the Randall-Sundrum I model is that it provides
an ingenious approach to the hierarchy problem. We will describe what this is
in more detail at the beginning of section 2.1. For now, we note that it is the
problem of the Planck scale being so much larger than the weak scale. Braneworld
models avoid this by stating that the fundamental Planck scale is of similar size
to the fundamental weak scale. It is only when we examine the effective theory
on the brane that we see the hierarchy between scales emerge. Unfortunately, the
simplest braneworld models simply transfer the problem by requiring that the extra
dimensions be very large. The Randall-Sundrum I model, however, is more subtle
than this. By having anti-de Sitter space between the branes we get an exponential
warp factor in the metric. This ensures that the eective four-dimensional Planck
scale is much larger than the weak scale, even when there is no hierarchy in the
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fundamental ve-dimensional theory. Crucially, this is achieved without the need
for the extra dimension to be very large.
Despite this success of RS1, there are still some physical problems with the
model, such as how one should stabilise the extra dimension. For this reason, we
will focus on its successor, the Randall-Sundrum II model [?], which we discuss in
detail in section 2.2. This time there is only one brane and an innitely large anti-de
Sitter bulk. The brane tension is positive and is once again ne tuned against the
bulk cosmological constant to ensure Poincare invariance on the brane. The warp
factor in the bulk metric does not play the role of solving the hierarchy problem like
in RS1. Here it ensures that gravity is localised on the brane.
Recall that standard Kaluza-Klein compactications ensure that gravity looks
four-dimensional by stating that the extra dimensions should be small. In Randall-
Sundrum II, the extra dimension is innite! Gravity is allowed to propagate into the
extra dimension so we would expect it to look ve-dimensional even to an observer
on the brane. However, the warp factor causes metric perturbations to be damped
as they move away from the brane. This has the eect that gravity looks four-
dimensional, at least perturbatively, to a braneworld observer. Randall-Sundrum II
oers an interesting \alternative to compactication".
RS2 branes are often referred to as critical because the brane tension is ne
tuned to a critical value. This ensures that the metric induced on the brane is
Minkowski. If we relax this ne tuning we obtain non-critical branes, which are
discussed in section 2.2.3. Branes whose tension exceed the critical value have a de
Sitter induced metric. Those with a tension smaller than the critical value have an
anti-de Sitter induced metric. The de Sitter brane in particular is important because
our universe may have a small positive cosmological constant [?,?].
1.4 Braneworld cosmology
The initial success of RS2, from a gravitational point of view, sparked o a lot of in-
terest, especially amongst cosmologists. In particular, Shiromizu et al [?] calculated
the Einstein equations induced on the brane. In chapter 3, we generalise their work
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to arbitrary dimensions. By this we mean considering the geometry induced on an
(n− 2)-brane in an n-dimensional bulk. We start by writing the energy-momentum
tensor for the brane in the following way:
The last two terms on the right hand side of equation (??) are the most interest-
ing. The Eab term is often referred to as the electric part of the bulk Weyl tensor.
It vanishes for a pure anti-de Sitter bulk, but can be non-zero if (say) we have a
bulk black hole. This term is best understood from a holographic point of view so
we will postpone its discussion until the next section.
The T (2)ab term is actually quite complicated. The important thing is that it
is quadratic in Tab. In section 3.2.1, we consider a Friedmann-Robertson-Walker
brane. The T (2)ab terms show up in the FRW equations as quadratic terms in energy
density and pressure. If these quantities are small, we can neglect the quadratic
contribution. However, this might not be the case in the early universe so the T (2)ab
terms could be important.
Braneworld cosmology deviates slightly from pure Einstein gravity in (n − 1)
dimensions. In chapter 4, we consider non-perturbative gravity on the brane in a
dierent way. We investigate what happens when we have a strongly gravitating
object such as a domain wall on the brane [?,?]. We can think of this as a domain
wall within a domain wall. It turns out that the equations of motion for this kind
of conguration are completely integrable.
The most interesting solutions are the following: the domain wall living on a
critical RS brane, the nested Randall-Sundrum scenario, and the Coleman-De Luccia
instantons. The rst of these yields a remarkable result. It turns out that the
geometry induced on the (n − 2)-brane agrees exactly with what we would have
expected from (n−1)-dimensional Einstein gravity. Let us make this a little clearer:
suppose we have a domain wall of tension, T , sitting in (n−1)-dimensional flat space.
If we do Einstein gravity in (n−1)-dimensions we nd that our flat spacetime has a
certain geometry. This geometry is exactly the same as the geometry on an (n− 2)-
brane containing a nested domain wall, also of tension, T . We see that we have
exact Einstein gravity on the brane, even at a non-perturbative level.
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Although the original motivation was to look at strong gravity on the brane, we
have developed tools that enable us to construct other interesting congurations.
The nested Randall-Sundrum scenario has a \critical" nested domain wall living on
an anti-de Sitter brane. The geometry induced on the brane is the traditional RS2
geometry, in (n− 1) dimensions.
Staying with the cosmological theme, in section 4.3 we show how to construct
gravitational instantons on the brane. These are the braneworld analogue of the
Coleman-De Luccia instantons [?]. In this paper, the authors calculate the proba-
bility of (say) a flat bubble spacetime nucleating in a de Sitter false vacuum. This
kind of instanton describes a rst order phase transition in the early universe. We
show how to patch together our solutions so as to create these instantons on a brane.
We do the same probability calculations and nd that they agree with [?], at least
in certain limits.
1.5 Braneworld holography
Having examined brane cosmology and strong brane gravity, we change direction
in chapter ??, and discuss braneworld holography. We begin by reviewing the holo-
graphic principle. For now, all we need to say is that this involves projecting all
the degrees of freedom in some volume on to its boundary surface. The AdS/CFT
correspondence [?,?,?] is the rst concrete example of this principle in action. We
nd that a gravity theory on AdS5  S5 is dual to a conformal eld theory on
the boundary. Braneworld holography is slightly dierent to AdS/CFT. The bulk
gravity theory is conjectured to be dual to a eld theory on the brane. This eld
theory is cut-o in the ultra-violet, and unlike in the AdS/CFT correspondence, it
is coupled to gravity on the brane.
The diculty with braneworld holography is that we do not know the precise
nature of the dual eld theory. We can, however, make use of the coupling to gravity.
If we place a black hole in the bulk, the Hawking radiation causes the brane to heat
up. Any dual eld theory that lives on the brane should absorb energy which we
can try to calculate.
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This procedure was rst carried out for critical branes [?], and is reviewed in
detail in section ??. To summarise, we place a black hole of mass, M , in an n-
dimensional bulk, and consider a critical FRW brane near the boundary of AdS. M
is measured by an observer using the bulk time coordinate, t. This should translate
into the energy of the dual eld theory [?]. However, the eld theory lives on
the brane, so we should use the brane time coordinate, τ . To nd its energy, we
need to scale the black hole mass with some red-shift factor, _t, where dot denotes
dierentiation with respect to τ . By using conservation of energy, we can also
calculate the pressure on the brane.
Given that we have a FRW brane, we can write down FRW equations for its
cosmological evolution. If Z(τ) is the scale factor, and H = _Z/Z is the Hubble
parameter, then

















where c is proportional to M . This black hole mass term comes from the non-trivial
bulk Weyl tensor, Eab. Using the ideas just described, we can calculate the energy
density, ρ, and the pressure, p, of the dual eld theory, in terms of M , or equivalently,
c. We nd that we can rewrite the FRW equations entirely in terms of eld theory
quantities:









(n− 3) (ρ + p) (1.2b)
These are the FRW equations of the standard cosmology in (n− 1) dimensions. We
see that we do indeed have a holographic description. On the one hand the brane
cosmology is driven by the bulk black hole. On the other hand it is driven by the
energy-momentum of a dual eld theory. It turns out that for an uncharged black
hole in the bulk, this eld theory behaves like radiation.
In section ??, we attempt to extend these ideas to de Sitter and anti-de Sitter
branes [?]. This is not as straightforward as we might have thought. We have to be
more careful than to say that the bulk energy is given by the black hole mass. Our
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calculation of the bulk energy is aected by cutting the spacetime o at the brane.
We use Euclidean quantum gravity techniques to calculate the bulk energy from
rst principles, and then multiply by a red-shift factor to get the energy of the eld
theory. It turns out that various factors combine to give us a similar holographic
description to before. The only dierence is that the FRW equations now contain
a cosmological constant term corresponding to the de Sitter or anti-de Sitter brane,
as appropriate.
The main problem with all the analysis of chapter ?? is that its relies on a
number of approximations. In particular, we assume that the brane is near the
AdS boundary. This has two implications. The rst is that it enables us to get
a reasonable approximation for the bulk energy. The second is that it means the
cut-o in the eld theory is fairly insignicant. The dual eld theory is nearly
conformal, which is consistent with it behaving like radiation. However, a general
brane trajectory does not need to go near the AdS boundary. In chapter ??, we
take a completely dierent approach to braneworld holography [?]. We modify the
Hamiltonian technique of Hawking and Horowitz [?] to calculate the energy of the
dual eld theory exactly, with no assumptions made about the position of the brane.
As a result, we can also get an exact expression for the pressure. We end up with
a highly non-trivial equation of state that simplies to radiation only as the brane
gets nearer to the AdS boundary. The really interesting result, however, lies in the
eect on the FRW equations. When we express these equations using the exact
braneworld quantities, we nd that they take the following form:


















ρ(ρ + p) (1.3b)
where where we have included the possibility of a brane cosmological constant in
the a term, and σn = 4piGn/(n−2). Although these equations do not correspond to
the FRW equations for the standard cosmology, they have exactly the same form as
the unconventional braneworld cosmology we discussed in the last section, complete
with quadratic energy-momentum terms. When these equations are encountered in
chapter 3, they correspond to a brane moving in a pure anti-de Sitter bulk, with
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additional matter placed on the brane by hand. In chapter ??, they have a very
dierent origin. There is no additional matter on the brane although we now have a
black hole in the bulk. When we derive properties for the dual eld theory from the
black hole, we nd that the eld theory behaves exactly as if it had been placed on
the brane by hand. This means that the dual descriptions of chapter ?? are merely
an approximation of this larger relationship.
We conclude this thesis in chapter ?? with some general thoughts and discussion.
The main results are stated and interpreted as we go along.
Chapter 2
Randall-Sundrum Braneworlds
2.1 Randall-Sundrum I (RS1)
In a four-dimensional world there are at least two fundamental energy scales: the
weak scale, mEW  103 GeV and the Planck scale, mpl  1019 GeV. Physics is well
described by the Standard Model at least up to 100 GeV or so. At the Planck scale,
gravity becomes as strong as the SM interactions and a quantum theory of gravity is
required. Why is there such a vast dierence between the two scales? This question
is the essence of the hierarchy problem. Consider the Higgs boson whose physical
mass, mH  mEW . Now suppose our theory is cut-o at some large scale , where
mH  . When we calculate the one loop correction for the Higgs mass we nd that
δm2H  2. The bare mass must then be of order −2 to give a renormalised mass
near the weak scale. If we believe that our fundamental theory contains scales as
high as the Planck scale, then the cancellation just described is disturbingly precise,
given the huge numbers involved. What is more, this bizarre precision is required
again at all subsequent orders of perturbation theory.
Traditionally, it is thought that this vast desert between the weak and the Planck
scales must be populated with new theories, such as supersymmetry. Above the
scale of supersymmetry breaking, the problems with radiative corrections to the
Higgs mass are solved, although we may still ask why the desert exists at all. There
is, however, another solution to the hierarchy problem that is radically dierent to
supersymmetry. We assume that there is only one fundamental energy scale, the
10
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weak scale. The large (eective) Planck scale comes from extra dimensions, beyond
the traditional four. As observers, we are bound to a braneworld embedded in a
(4 + n)-dimensional spacetime. The (4 + n)-dimensional Planck scale, M , is now
the fundamental scale of gravity, and is taken to be of order the weak scale. The
extra dimensions are given by an n-dimensional compact space of volume Vn. In the
simplest cases [?,?,?], our eective four-dimensional Planck scale is given by
m2pl = M
n+2Vn. (2.1)
By taking Vn to be suciently large we can recover mpl  1019 GeV. However, in
some sense the hierarchy problem has not gone away. There is now a new hierarchy
between the weak scale and the compactication scale, 1/V
1/n
n  mEW . Fortu-
nately, the Randall-Sundrum I (RS1) model [?] is an extension of these ideas that
does not appear to transfer the problem in this way1.
2.1.1 The model
In RS1, we have two 3-branes embedded in a ve dimensional anti-de Sitter bulk
spacetime. We dene xµ to be the familiar four-dimensional coordinates while 0 
z  zc is the coordinate for the extra dimension. Since our spacetime clearly fails to
ll out all of the ve dimensions we need to specify boundary conditions: identify
(xµ, z) with (xµ,−z) and take z to be periodic with period 2zc. The orbifold xed
points at z = 0, zc are the positions of the two branes, which we will take to
have tension σ0, σc respectively. These xed points may also be thought of as the




















where g is the bulk metric and h0, hc are the metrics on the branes at z = 0, zc
respectively. M is of course the ve-dimensional Planck scale. We now require the
1Actually, the hierarchy problem remains if we consider fluctuations in the \radion" eld. We
will comment on this later.
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Figure 2.1: The behaviour of the warp factor in the RS1 model
3-branes to exhibit four-dimensional Poincare invariance and choose the metric to
take the following form
ds2 = a2(z)ηµνdx
µdxν + dz2 (2.3)
The bulk equations of motion with orbifold boundary conditions impose a ne tuning
of the brane tensions against the bulk cosmological constant
σ0 = −σc = 12M3k,  = −6k2 (2.4)
We are also free to set a(0) = 1 so that we arrive at the following solution for the
metric
ds2 = e−2kjzjηµνdxµdxν + dz2 for − zc  z  zc. (2.5)
The Z2 symmetry about z = 0 is explicit whereas the other boundary conditions
should be understood. We also note that the constant z slicings exhibit Poincare
invariance as required. The metric (2.5) contains an exponential warp factor which
is seen graphically in gure 2.1. Notice the peak in the warp factor at the positive
tension brane and the trough at the negative tension brane. At this point we should
emphasize that RS1 is really only a toy model. It is, however, possible to construct
string theory/supergravity models that have similar properties [?,?,?,?].
2.1.2 Tackling the hierarchy problem
In order to tackle the hierarchy problem, we will need to derive the (eective) four-
dimensional Planck scale, mpl in terms of the ve-dimensional scales M, k, zc. We
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do this by identifying the four-dimensional low energy eective theory. This comes
from massless graviton fluctuations. In principle, we should also include massless
fluctuations in the brane separation [?], often referred to as the radion eld. This
does not aect the calculation of mpl directly [?] so we will ignore the radion in this
section and assume the brane separation is stabilised at zc. The gravitational zero
modes now take the form
ds2 = e−2kjzjgµν(x)dxµdxν + dz2 where gµν = ηµν + hµν(x) (2.6)
and we interpret hµν as the physical graviton in the four-dimensional eective theory.
We now substitute equation (2.6) into the action (2.2) to derive the eective action.









dz e−2kjzj + . . . (2.7)






1− e−2kzc . (2.8)
This tells us that mpl depends weakly on zc in the limit of large kzc. We will see
that this is not the case for the physical masses in the SM.
Suppose we live on the negative tension brane at z = zc. Consider a fundamental
Higgs eld bound to this brane. If it has a ve-dimensional mass parameter, m0,








gµνc rµHyrνH − λ
(jHj2 −m202i (2.9)












We now renormalise the Higgs wavefunction, H ! ekzcH , to derive the following









(jHj2 − e−2kzcm202i + . . . (2.11)
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This result generalises to any mass parameter on the negative tension brane.
We shall now address the hierarchy problem directly. Assume that the bare Higgs
mass, m0, and the fundamental Planck mass, M , are both around 10
19 GeV, thereby
eliminating any hierarchy between the two scales in the ve-dimensional theory. The
physical masses in the eective theory are given by equations (2.8) and (2.12). To
ensure that mH  103 GeV and mpl  1019 GeV we require that ekzc  1015. The
presence of the exponential here is crucial because all we really need is kzc  50.
We see that we have solved the hierarchy problem without introducing a second
hierarchy involving the compactication scale, 1/zc or the AdS length, 1/k. We
should emphasize here that this is only true if the radion is stabilised. If not, its
fluctuations appear in the exponential, spoiling the solution to the problem.
At this point we should note that we have set the fundamental mass scale to be
around 1019 GeV. We could easily have chosen the fundamental scale to be as low as
a few TeV because what really matters is the ratio between the physical masses, as
this is a dimensionless quantity. We can see this explicitly if we change coordinates
xµ ! ekzcxµ. The warp factor at z = zc is unity, whereas at z = 0 it is exponentially
large, e2kzc . This time, the Higgs mass does not get rescaled, mH  m0, unlike the
Planck mass which behaves like m2pl  e2kzc M
3
k
. If both M and m0 are around a
few TeV, we again only need kzc  50 to recover the correct physical masses in the
eective theory.
To summarise, even though all scales in the fundamental theory are near the weak
scale, the extra dimension ensures that mpl is close to the large value we observe in
Nature. What is more, this is achieved without the need for the extra dimension
to be disturbingly large. From a phenomenological point of view this is particularly
exciting. If the fundamental scale of gravity is indeed as low as a few TeV then we
would expect quantum gravity eects to start showing up in forthcoming collider
experiments. The path to a \theory of everything" could be dictated by experiment
rather than the imagination.
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2.2 Randall-Sundrum II (RS2)
When we introduced braneworlds at the start of this chapter we stated that the
Standard Model elds are localised on the brane [?,?] in contrast to gravity which
can propagate into the fth dimension. This should worry a braneworld observer
because Newton’s 1/r2 law for gravitational force is a property of four-dimensional
gravity and is experimentally veried as low as r  0.2 mm. The problem is solved
if the extra dimension is small and compact owing to the large mass gap between
the graviton zero mode and the rst heavy Kaluza-Klein mode. This ensures that
gravity behaves four dimensionally, except at very high energies near the heavy mode
masses. In braneworld models we have seen how the extra dimension can be of order
one or larger so we would naively expect gravity to look ve dimensional even at
fairly low energies. This would violate Newton’s law and be unacceptable. The RS2
model is more subtle than this. Even though it has an innite extra dimension it
still manages to reproduce Newton’s law on the brane. This is because we have
a negative cosmological constant in the bulk. RS2 does not solve the hierarchy
problem in the way that RS1 does, and is of interest from a purely gravitational
point of view.
2.2.1 The model
To arrive at the RS2 model we start with RS1, and extend the brane separation to
innity so that we are left with a single brane of positive tension. The old negative
tension brane will act as a regulator in the subsequent analysis. The geometry of
this new set-up is again described by the metric (2.5) with zc !1. We can see the
behaviour of the warp factor in gure 2.2. It has a peak at z = 0 indicating that
the brane there has positive tension. Note also the Z2 symmetry about z = 0 which
is, of course, explicit in the metric.
2.2.2 Localisation of gravity
In the absence of any additional matter, we have a single brane with tension σ =
12M3k embedded in ve-dimensional anti-de Sitter space with cosmological constant
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brane
z
Figure 2.2: The behaviour of the warp factor in the RS2 model
 = −6k2. In order to investigate whether gravity is localised on the brane, we will
consider small gravitational perturbations about the background metric
ds2 = ~gabdx
adxb = e−2kjzjηµνdxµdxν + dz2 (2.13)
This may be achieved by placing a point mass on the brane, and solving the relevant
perturbation equations. In the event of gravity localisation we would hope to see
the graviton zero mode dominating at large enough distances. This would repro-
duce observed phenomena such as Newton’s inverse square law and gravitational
light bending. In the remainder of this section we will adopt Garriga and Tanaka’s
delightful approach to gravity in the Randall-Sundrum model [?].
2.2.2.1 The Newtonian potential on the brane
We begin by deriving the Newtonian potential due to a point mass, m0, bound to the
brane. If we denote the perturbed metric by gab = ~gab + hab, the Randall-Sundrum
gauge [?] is given by
hzz = hµz = 0, hµ
ν
,ν = 0, h
µ
µ = 0. (2.14)
Since we have no additional matter in the bulk, the bulk equations of motion for
hab are given by
0 = δRab = −1
2
Lhab (2.15)
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where L is the Lichnerowicz operator
2. We are free to take the RS gauge (2.14)
everywhere in the bulk [?] so that equation (2.15) is reduced to

e2kjzj2(4) + ∂2z − 4k2

hµν = 0. (2.16)
Boundary conditions for this equation are given by the jump conditions at the
brane. However, if we take the RS gauge in the bulk then additional matter causes
the brane to bend and we can no longer say that it lies at z = 0. For this reason,
we will temporarily relax our choice of gauge and work in Gaussian normal (GN)
coordinates, denoted by (x^µ, z^). By denition, we now have h^zz = h^µz = 0 and can
set the brane to be located at z^ = 0. By using the Israel junction conditions [?] we
can relate the jump in extrinsic curvature3, Kab, across the brane to the energy-








Here, g^0ab = g^ab(z^ = 0) is the induced metric on the brane and G5 = 1/16piM
3 is
the ve-dimensional Newton’s constant. Note that the energy momentum tensor
is dominated by the brane tension, σ with a small additional contribution coming
from the point mass, Tab. Explicitly
Sab = −σg^0ab + Tab. (2.18)











where we have used the ne-tuning conditions (2.4) and have ignored all terms non-
linear in h^µν and Tµν . Note that there are no µz or zz components of equation
(2.17) because we chose a GN coordinate system. We will now attempt to construct
2The Lichnerowicz operator is dened by Lhab = ~2hab − 2 ~r(a ~rjcjhcb) − 2 ~Rc(ahcb) + 2 ~Racbdhcd
where hab = hab − 12h~gab and the covariant derivative and Riemann tensor are constructed out of
the unperturbed metric ~gab.
3Kab = K+ab−K−ab where K−ab = g^ c0 ag^ d0 br(cnd) and na is the unit normal to the brane pointing
in the direction of increasing z, and g^0ab is the induced metric on the brane.
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the junction condition (2.19) in the RS gauge. The most general transformation
between GN and RS gauge is given by
ξz = f(xρ), ξµ = − 1
2k
e2kjzjηµν∂νf + F µ(xρ) (2.20)
where f and F µ are independent of z. The perturbation in the RS gauge, hµν , is
related to its GN counterpart by
hµν = h^µν − 1
k
f,µν − 2ke−2kjzjηµνf + e−2kjzjηρ(νF ρ,ν), (2.21)












+ 2f,µν . (2.23)
Equations (2.16) and (2.22) fully dene the bulk equations of motion with boundary
conditions at the brane. Given that a solution must be Z2 symmetric about z = 0,
we see that ∂zhµν must be discontinuous there. Both (2.16) and (2.22) can be
contained in a single equation if we include delta functions at the discontinuity.

e2kjzj2(4) + ∂2z − 4k2 + 4kδ(z)

hµν = −2δ(z)µν (2.24)
Before we can solve equation (2.24) we need to identify f(x). Nevertheless, we
shall proceed blindly and dene GR(x, z; x
0, z0) to be the ve-dimensional retarded
Green’s function satisfying

e2kjzj2(4) + ∂2z − 4k2 + 4kδ(z)

GR(x, z; x
0, z0) = δ(4)(x− x0)δ(z − z0). (2.25)
The solution to the perturbation equation (2.24) is then given by
hµν(x, z) = −2
Z
d4x0GR(x, z; x0, 0)µν(x0) (2.26)
where we have integrated across the surface z0 = 0. Since we are in the RS gauge,
hµµ = 0 and so
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f(x) represents the brane position in RS gauge and in principle we can calculate
it by solving equation (2.27). Here we see explicitly that the brane is bent by the
presence of additional matter because T acts as a source for f(x).
In order to evaluate the full Green’s function we will use techniques from Sturm
Liouville theory. We will simply state the result here although a detailed derivation
can be found in appendix ??.
GR(x, z; x






























and Jn, Yn are Bessel’s functions of integer order n.
If we return to GN coordinates, we can dene the stationary point mass m0 to
be located at (t,x, z) = (t, 0, 0) so that its energy momentum tensor on the brane
is given by
Tab = m0δ(3)(x)diag(1, 0, 0, 0, 0) (2.30)
Combining equation (2.21) with equation (2.26) we obtain an expression for the
gravitational perturbation in this gauge.








−2kjzjηµνf − e−2kjzjηρ(νF ρ,ν), (2.31)
where the matter part and the brane bending part are given by
h(m)µν = −16piG5
Z









d4x0 GR(x, z; x0, 0)f,µν (2.33)
Since we are only interested in the perturbation on the brane, we set z = 0, and can
choose F µ appropriately so that
h^µν(x, 0) = 2kηµνf − 16piG5
Z
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To evaluate f(x), we solve equation (2.27) with T = m0δ(3)(x). Note that our
source is stationary so we look for time independent solutions. With this ansatz,





where r = jxj. We now evaluate the matter part of the perturbation h(m)µν (x, 0) when
we insert the energy momentum tensor (2.30).
h(m)µν (x, 0) = −
16piG5m0
3
diag(2, 1, 1, 1)
Z
dt0 GR(t,x, 0; t0, 0, 0) (2.36)
where Z
















where we have used the fact that
Jn(m/k)  1
n!
(m/2k)n , Yn(m/k)  (n− 1)!
pi
(m/2k)−n (2.39)
in this limit. The matter part of the perturbation is therefore given by
h(m)µν (x, 0) =
2G5km0
3r














diag(1, 1, 1, 1) +
1
3k2r2
diag(2, 1, 1, 1) +O(1/r3)

(2.41)
We are ready to read o the Newtonian potential, φ(r), measured by a braneworld














This is the Newtonian potential of four-dimensional gravity, with Yukawa type cor-
rections at short distances (r < 1/k). Note that the four-dimensional Newton’s
constant on the brane, G4 = G5k. We conclude that this model does not contra-
dict experimental tests of Newton’s inverse square law for the force of gravitational
attraction.
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2.2.2.2 The graviton propagator
In the previous section we were careful to include the scalar eld f corresponding
to brane bending. This appeared because additional matter on the brane acted
as a source for the eld. However, consider what would have happened had we
naively ignored it and worked in the RS gauge throughout, with the brane at a xed
position. The Newtonian potential would still have behaved like 1/r to leading
order. We would have been conned into thinking we had derived four-dimensional
gravity.
However, the Newtonian potential is not the only property of four-dimensional
gravity that we can consider. There is also the form of the massless graviton prop-
agator. In a ve-dimensional theory, there is an extra polarization state that alters
the tensor structure of the propagator. This extra degree of freedom must be re-
moved from the eective theory so that the massless propagator on the brane looks
four-dimensional. If this didn’t happen, the bending of light, for example, would be
3
4
of the value accurately predicted by General Relativity [?].
In RS2 we also have massive KK gravitons. Even in the small mass limit the
tensor structure of their propagator is ve dimensional [?, ?, ?, ?]. Since these are
only important at high energies we will ignore them in our eective theory and focus
on the massless graviton bound state.



























p2 − (ω + i)2 (2.45)
is the massless scalar Green’s function for four-dimensional Minkowski space [?,?].
If we insert the truncated Green’s function (2.44) into equation (2.43) we see that
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we do not have the usual propagator for a massless four-dimensional graviton. We
need the factor of 1
3
to be replaced by 1
2
. This task is carried out by the brane
bending term as we shall now demonstrate.
The full metric perturbation (2.34) contains a term proportional to f . We can









When this is introduced into equation (2.34) we nd that the (massless) metric












This has the correct tensor structure for a four-dimensional massless graviton. The
extra degree of freedom in the ve-dimensional propagator has been compensated
for by the brane bending scalar eld f .
The two results derived in this section are good evidence that braneworld gravity
agrees with General Relativity, at least for small perturbations about the background
metric. The warped geometry of the bulk causes these perturbations to be damped
away from the brane, so that gravity is localised. The fact that the brane has
positive tension is crucial as the warp factor is a maximum there. In RS1, we chose
to live on the negative tension brane which is at a minimum of the warp factor. We
would not therefore expect gravity to be localised on this type of braneworld, which
makes its solution to the hierarchy problem a little pointless. However, the ideas
of both models can be combined such they solve the hierarchy problem and exhibit
localisation of gravity [?]. In this case there are two positive tension branes, the
Planck brane and the TeV brane. The Planck brane has a much larger tension than
the TeV brane, which in some sense is regarded as a probe. The hierarchy problem
is solved in exactly the same way as in RS1 provided we live on the TeV brane. In
a similar way to RS2, we nd that gravity looks four-dimensional at least up to a
few TeV on both branes.
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2.2.3 Non-critical braneworlds
Although the RS2 model agrees with Newton’s Law and other properties of four-
dimensional gravity, it certainly contradicts one recent experimental observation.
The study of supernovae suggest that the universe contains a small positive cosmo-
logical constant [?,?]. In RS2, we have Minkowski space on the brane which has a
vanishing cosmological constant. In this section we shall show how to extend the
model to allow for de Sitter or anti-de Sitter braneworlds.
Recall that we have so far demanded that our braneworlds should exhibit four-
dimensional Poincare invariance. This led to the ansatz (2.3) which has Minkowski
spacetime induced on the brane. We found that we then had to ne tune the brane
tension, σ against the bulk cosmological constant, , in the following way
4piG5σ
3
= k,  = −6k2 (2.48)
This is the criticality condition and as such the flat braneworlds that satisfy it are
known as critical. We now generalise the ansatz (2.3) to allow for dS and AdS
branes.
ds2 = a2(z)gµνdx
µdxν + dz2 (2.49)
where gµν can be Minkowski, de Sitter or anti-de Sitter. The solutions to the bulk
equations of motion with appropriate boundary conditions are derived in [?, ?, ?]
although a review may be found in appendix ??. In this section we will proceed as
in [?] and simply quote the results.











Minkowski : a(z) = e−kjzj, (2.51)











where the cosmological constant on the brane is given by
λ = 3(~σ2 − k2), ~σ = 4piG5σ
3
. (2.53)
When σ takes its critical value we have ~σ = k, and the cosmological constant on
the brane vanishes. For de Sitter branes, σ exceeds its critical value (~σ > k) where
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as the opposite is true for anti-de Sitter branes. For this reason we refer to dS and
AdS branes as supercritical and subcritical branes respectively.
In section 2.2.2 we saw how gravity was localised on critical braneworlds. This
was due to the behaviour of the warp factor, which damped gravitational perturba-
tions as they went further into the bulk. We can ask whether the same is true for
supercritical and subcritical braneworlds. Without performing a detailed analysis
we can see the behaviour of the warp factors in gures 2.3 and 2.4. In each case,
c/k z
brane




Figure 2.4: The behaviour of the warp factor around a subcritical (ie anti-de Sitter)
brane.
there is a turnaround in the warp factor. For the de Sitter brane this corresponds to
the de Sitter horizon where the warp factor vanishes altogether, and the spacetime
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ends. It is clear that de Sitter branes are even more likely to exhibit four-dimensional
gravity than flat branes, because the damping is greater. This is argued in [?] and
proven in [?,?]. Unlike in RS2, there is a mass gap between the zero mode and the
heavy modes in the metric perturbations. We further note that the Newton’s con-
stant on the brane is found to be proportional to the brane tension, σ, as opposed
to the bulk quantity k.
The situation for the anti-de Sitter brane is less clear. Near the brane the
fluctuations in the metric behave in the same way as for de Sitter and flat branes.
However, the warp factor does not vanish at the turnaround point, and beyond this
the metric perturbations start to grow. If we assume that this point lies far from the
brane we might yet believe that gravity is localised at low enough energies. At nite
temperature we could even hide the point behind a black hole horizon. Despite the
absence of a normalisable zero mode the case for localisation is presented in [?].
Finally, in this section we have seen how braneworld models can exhibit four-
dimensional gravity in line with experimental observations. They also provide an
unusual resolution of the hierarchy problem, without the need for an unacceptably
large (but nite) extra dimension. Given our extension to non-critical branes, we
could also rephrase the cosmological constant problem. This is now a question





We have seen how Randall-Sundrum braneworlds provide a radical new way of
thinking about our universe and the extra dimensions that might exist. If this extra
dimension is warped anti-de Sitter space then it can be innitely large and still
exhibit localisation of gravity on the brane. We have also seen how to generalise the
RS2 model to include super/subcritical braneworlds which have a positive/negative
cosmological constant in four dimensions.
To better understand these models we can and should generalise further. We
note that in the last section we always assumed a ve-dimensional bulk which was
Z2 symmetric about a brane of codimension one. In this section we will consider
bulk spacetimes which are n-dimensional and in some cases relax the Z2 symmetry.
We will not generalise to branes of higher codimension although they have been
studied (see for example [?,?,?]).
Another very important assumption of the last section was the fact that pertur-
bations about the background spacetime were small: the energy-momentum due to
additional matter on the brane was far less than the brane tension.
T00  σ (3.1)
Unfortunately, life is not so easy as to be fully described by perturbative physics.
We will begin a study of non-perturbative physics on the brane by examining their
26
3.2. Brane based braneworld cosmology 27
cosmology. There are two main approaches: the brane based approach and the bulk
based approach, although we will show that these are in fact equivalent. Each ap-
proach has its advantages and disadvantages. For example, if we wished to examine
non-Z2 symmetric theories it would be much easier to use the latter. However, we
begin with a review of the brane based approach of Shiromizu et al [?], and although
we will retain Z2 symmetry we will generalise their work to n-dimensions.
3.2 Brane based braneworld cosmology
Consider a timelike (n − 2)-brane, (M, hab), in an n-dimensional bulk spacetime
(V, gab). The induced metric on M is given by
hab = gab − nanb (3.2)
where na is the unit normal to M (see gure 3.1). By using the Gauss-Codazzi
BULK SPACETIME
BRANE  ( M, h  )




Figure 3.1: (n− 2)-brane embedded in an n-dimensional bulk.
equations [?] we can relate the (n− 1)-dimensional geometry on M to its extrinsic
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br(cnd) in V and the bulk geometry. If we label curvature
tensors with an n or (n− 1) depending on whether they correspond to the bulk or







d + KacKbd −KadKbc (3.3a)
Db(K
b
a −Khba) = (n)Rcdnchda (3.3b)
−2(n)Gabnanb = (n−1)R−K2 + KabKab (3.3c)
where Da is the covariant derivative made out of hab. When there is no Z2 symmetry,
we label the \left hand" bulk with a \−" and the \right hand" bulk with a \+".
There is a version of equations (3.3a) to (3.3c) for both \+" and \−", so in principle
we should label each of the bulk quantities ((n)Rabcd and Kab) with the appropriate
sign. However, for now we shall assume Z2 symmetry so we drop the labels.
From equation (3.3a) we are able to construct the Einstein tensor on the brane
(n−1)Gab = (n)Gcdhcah
d













(n)Rgab = −ngab + 8piGnTab (3.5)
where n is the bulk cosmological constant, Gn is the Newton’s constant in n-
dimensions, and Tab is the energy-momentum tensor due to any additional bulk











(n)R (gacgbd − gadgbc) (3.6)
































This term is often described as the \electric" part of the Weyl tensor although this
is only the case when there are no extra bulk elds and Tab  0. We can make sense







where the energy-momentum tensor for the brane is given by
Sab = −σhab + Tab (3.10)
with Tabnb = 0. Here we understand σ to correspond to brane tension and Tab to
additional matter, although it not obvious that we should do this. In section 2.2.2.1
we assumed the additional matter Tab was much smaller than the brane tension.
This meant that the split between tension and extra matter in equation (3.10) was
natural. However, we are now allowing for larger values of Tab which makes the split
an arbitrary one. It is not clear why we should have tension σ rather than (say)
σ/2 because we could always redene Tab to absorb the left over terms. However,
we shall see in chapter ?? some evidence that we are in fact interpreting equation
(3.10) in the right way.
At this stage we are assuming Z2 symmetry across the brane so we have Kab =
2Kab. Using the Israel equation (3.9) we can replace the extrinsic curvature terms
in equation (3.7) with terms involving σ and Tab.
















ab = −T ca Tbc +
1
n− 2T Tab +
1
2
T cdTcdhab − 1
2n− 4T
2hab (3.14)





The most striking feature of equation (3.11) is the presence of the quadratic matter
terms contained in ab. We will discuss these in more detail later on. Meanwhile, we
see that we should interpret n−1 and Gn−1 as the braneworld cosmological constant
and Newton’s constant respectively. As we hinted at the end of section 2.2.3, Gn−1
is proportional to the brane tension, rather than
pjnj. This is highly relevant to
non-critical branes, although it is often ignored.
The other term in equation (3.11) is of course the \Weyl tensor" term, Eab. It
contains information about the bulk but is constrained by the matter on the brane.
We might hope to fully determine Eab from knowledge of this matter, but this turns
out not to be the case. In general we need to solve the bulk equations of motion to
derive Eab and then insert it into the braneworld Einstein equation. We will discuss
this mysterious term from a holographic point of view in chapters ?? and ??.
3.2.1 A Friedmann-Robertson-Walker brane
We will now simplify the discussion further by assuming that the bulk spacetime
has negative cosmological constant with no additional elds, that is
n = −1
2
(n− 1)(n− 2)k2n, Tab  0 (3.16)
where kn is the inverse AdS length in n-dimensions. The cosmological constant on




(n− 2)(n− 3) σ2n − k2n (3.17)
Note that equations (3.15) and (3.17) are the n-dimensional analogue of equation
(2.53). Critical branes are now dened as those satisfying the n-dimensional crit-
icality condition σn = kn. Super/subcritical branes now have σn > kn/σn < kn
respectively. For a study of cosmology it is important to examine the behaviour of a
homogeneous and isotropic braneworld described by a Friedmann-Robertson-Walker
(FRW) metric.
ds2n−1 = habdx
adxb = −dτ 2 + Z2(τ)dx2κ (3.18)
3.3. Bulk based braneworld cosmology 31
where dx2κ is the metric on an (n − 2)-dimensional Euclidean space, X of constant




Sn−2 for κ = 1
R
n−2 for κ = 0
Hn−2 for κ = −1
(3.19)
where Sn−2,Rn−2, Hn−2 are the unit sphere, plane, and hyperboloid respectively.
Z(τ) represents the scale factor for our braneworld. We will assume the matter on
the brane is given by a homogeneous perfect fluid of density ρ(τ) and pressure p(τ)
so that
Tab = ρτaτb + p(hab + τaτb) (3.20)
where τa are the components of ∂
∂τ
. Finally, we avoid diculties with Eab by setting
it to zero, which corresponds to pure anti-de Sitter space in the bulk. We now
use the braneworld Einstein equation (3.11) to derive the FRW equations for the
cosmological evolution of the brane. Dening the Hubble parameter, H = _Z/Z,
where dot denotes dierentiation with respect to τ , we nd



















ρ(ρ + p) (3.21b)
where a = σ2n − k2n. These are not the standard FRW equations because they
contain terms quadratic in ρ and p. Braneworld cosmology is therefore dierent to
the standard cosmology. This unconventional behaviour was rst discovered in ve
dimensions by Binetruy et al [?]. Notice that we recover the standard cosmology for
large values of the scale factor, because we can ignore the non-linear density terms.
3.3 Bulk based braneworld cosmology
In the last section we saw a number of the limitations of the brane based approach
to braneworld cosmology. We chose to impose Z2 symmetry across the brane and
ignored the possibility of non-zero Weyl terms. These were dicult to get a handle
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on because we were working with a static brane in a dynamic bulk. The bulk based
approach turns everything around by having a dynamic brane in a static bulk. This
allows us to include non-Z2 symmetric branes and non-vanishing Weyl terms. The
disadvantage now is that we will only be considering FRW branes, and will not have
the generalisation provided by equation (3.11).
3.3.1 Generalised Birkho’s Theorem
Since the bulk based approach works on the premise of there being a static bulk
spacetime, we immediately think of Birkho’s Theorem [?,?]. This states that if the
geometry of a given region of spacetime is spherically symmetric and a solution to
the vacuum Einstein equations, then it is necessarily a piece of the Schwarzschild ge-
ometry. In order to bridge the gap between the brane based approach to braneworld
cosmology and the bulk based approach, we will prove a generalised version of this
theorem. This was rst shown by Bowcock et al [?] in ve dimensions, but once
again we will extend the ideas to n-dimensions.
We start by assuming that our spacetime contains a codimension two Euclidean
surface of constant curvature. This will ultimately provide us with spatial homo-







n−2)(−dt2 + dz2) (3.22)
where A and ν are functions of t and z to be determined by the bulk Einstein
equations, as well as the jump conditions across the brane. Again, dx2κ represents
the metric on the Euclidean surface of constant curvature, κ = 0,1. Here we have
used the fact that the rest of the metric is two dimensional and therefore conformally
flat. Without loss of generality, we can say that the brane sits at z = 01.
We will assume that the bulk spacetime contains no additional matter (Tab  0).
When we insert our metric ansatz into the bulk Einstein equations (3.5) we arrive
1If the brane sits at z0 = ζ(t0) we use the conformal transformation t0  z0 = t z  ζ(t z) to
shift the wall back to z = 0 without spoiling the form of the metric (3.22) [?].
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A,tt +A,zz = 2ν,z A,z +2ν,t A,t (3.23c)
A,tz = ν,z A,t +ν,t A,z (3.23d)




























2ν,u A,u = A,u [ln(A,u )] ,u (3.25c)
2ν,v A,v = A,v [ln(A,v )] ,v (3.25d)
We can easily integrate equations (3.25c) and (3.25d) to give
Case I : A is constant
Case II : A = A(u), e2ν = A0(u)V 0(v)
Case III : A = A(v), e2ν = A0(v)U 0(u)
Case IV : A = A(u, v), e2ν = V 0(v)A,u = U 0(u)A,v
where U 0(u) and V 0(v) are arbitrary non-zero functions of u and v respectively.
Note that prime denotes dierentiation with respect to the unique argument of the
function. Cases I to III imply that n = κ = 0, which is not relevant here (see [?,?]
for some discussion). We will focus on case IV, for which it is easy to see that
A = A(U(u) + V (v)), e2ν = A0U 0V 0 (3.26)





n−2 − (n− 2)(n− 3)κA− 1n−2
i
A0 = 0 (3.27)






(n−1n−2) + (n− 2)2κA(n−3n−2) = (n− 2)2c (3.28)
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where c is a constant of integration. Notice that equation (3.25b) just gives the
derivative of the ODE, and is satised automatically. We are now ready to impose
the jump conditions on the brane. Once again we will assume that the matter on
the brane is homogeneous and isotropic so that
Sab = −σhab + Tab, Tab = ρτaτb + p(hab + τaτb)
where τa is the unit timelike vector parallel to ∂
∂t
. When there is Z2 symmetry across
the brane at z = 0, the Israel equations (3.9) give



















































Note that we could use equation (3.28) to eliminate A0 and A00. If we make the
following coordinate transformation
u! f(u), v ! f(v) (3.31)
then the boundary conditions at the brane are unchanged2. This symmetry is related
to the conformal symmetry on the t− z plane. To eliminate this unphysical gauge
freedom we choose f = V , thereby setting V = v. We are now left with only one
physical degree of freedom, U(u). Setting
Z = A
1
n−2 , T = (n− 2)(v − U) (3.32)
we see that the bulk metric can locally be written in the explicitly static form





h(Z) = − Z
0





2This is seen if we note that the brane is given by u = v, where the coordinate change gives
U 0 ! f 0(u)U 0, V 0 ! f 0(u)V 0 and e−ν = 1/pA0U 0V 0 ! e−ν/f 0(u). A0 and A00 are unchanged
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From equation (3.28)
h(Z) = − 2n
(n− 1)(n− 2)Z
2 + κ− c
Zn−3
(3.35)
For c > 0, the metric (3.33) clearly takes the form of the Schwarzschild black hole in
de Sitter, flat or anti-de Sitter space, depending on the value of n. Given that our
starting point was that our braneworld contained spatial geometry of constant cur-
vature, we conclude that we have indeed proved a generalised version of Birkho’s
theorem. In this work we assumed our bulk physics was described by pure Ein-
stein gravity with a cosmological constant. Similar proofs have been carried out for
Einstein-Maxwell gravity [?] and Gauss-Bonnet gravity [?].
Although this generalisation of Birkho’s Theorem is of interest from a mathe-
matical point of view, our focus is on braneworld physics. We have shown that we
can express the bulk geometry in the static form given by equation (3.33), although
in doing so we can no longer say that we have a static brane sitting quietly at z = 0.
On the contrary, we now have a dynamic brane, whose trajectory in the new coor-
dinates is far more complicated. Braneworld cosmology from this perspective was
rst studied by Ida [?], although moving branes in a static anti-de Sitter bulk were
considered earlier by Kraus [?].
3.3.2 A dynamic brane in a static bulk
Having bridged the gap from the brane based approach to braneworld cosmology
we are ready to give a generalisation of Ida’s bulk based approach. We will see that
by transferring the dynamics of the system from the bulk to the brane we allow
ourselves more flexibility regarding the structure of the bulk spacetime. We will no
longer assume Z2 symmetry across the brane and will even allow the cosmological
constant on either side to dier.
We start by taking the general static solution (3.33) to the Einstein equations
with cosmological constant, n. To construct the brane solution, we treat the brane
as the boundary
Xa = (xµ, t(τ), Z(τ)) (3.36)
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of the bulk (3.33). We now patch this bulk spacetime (labelled with a\−") onto
another appropriate bulk (labelled with a \+") with the same boundary value Z(τ).
Note that we have reintroduced the \" notation to indicate which side of the brane
a given quantity resides3. We set the parameter τ to correspond to the proper time





so that whichever side of the brane you look from, the induced metric on the brane
takes the standard FRW form
ds2n−1 = habdx
adxb = −dτ 2 + Z2(τ)dx2κ (3.38)
and Z(τ) is understood to be the scale factor of the brane universe. It is clear that
the bulk metric is continuous across the brane because both τ and Z(τ) agree there.
Note that t can be discontinuous at the brane, because neither gab nor hab depend
on it explicitly.
In order to produce the type of brane required, it is important we patch together
the two bulk spacetimes in such a way that the Israel equations (3.9) are satised.
We take the energy momentum tensor of the brane to be given by a tension σ and
a perfect fluid of energy density ρ and pressure p (that is, equation (3.10) with Tab
given by (3.20)). In dening the extrinsic curvature of the brane on either side, we
need some knowledge of the outward normal.
na = (0,− _Z(τ), _t(τ)) (3.39)
where  = 1 depending on which part of the spacetime is kept4. With reference





n− 2(σ + ρ) (3.40)
3For example, g+ab and 
+
n are the bulk metric and cosmological constant on the \+" side of the
brane.
4If we wished to keep (say) Z < Z(τ) on the \−" side we would choose − = 1, assuming of
course that _t− > 0.









n− 2 [σ − (n− 3)ρ− (n− 2)p] (3.41)
where Q = Q++Q−
2





process of gluing together spacetimes causes the \+" side to flip orientation so that
we must dene K+ab = −hcahdbr(cn+d). We now refer back to the third Gauss-Codazzi
equation (3.3c), with the understanding that it is valid on both sides of the brane,
and Gab = −n gab. If we now take the dierence between the \+" equation and the
\−" equation we nd that
−n = KK −KabKab. (3.42)
Inserting the values of the extrinsic curvature found in appendix ?? we obtain
−n = 4piGn(n− 2)(σ − p)[h
_t]
Z








After careful and tedious manipulations of equations (3.40), (3.41) and (3.43) we
arrive at the following expressions for derivatives of the scale factor
_Z2 = −h +

4piGn































Note that for equations (3.44) and (3.45) to be consistent, we require that the
conservation of energy equation holds on the brane
_ρ = −(n− 2)
_Z
Z
(ρ + p). (3.46)
Here we have seen the beauty of the bulk based approach to braneworld cosmol-
ogy. We have found the cosmological evolutions equations (3.44) and (3.45) for the
brane without assuming Z2 symmetry. This is particularly important when studying
braneworld models that have diering cosmological constants on either side of the
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brane (eg. [?,?]). Furthermore, by considering general values of h, we have allowed
the bulk Weyl tensor on either side to be non-zero. Recall that in the brane based
approach the Weyl tensor contribution was just hidden away behind the mysterious
Eab term, without any real understanding of its eects. That is not the case here.
3.3.2.1 A Z2 symmetric brane in AdS-Schwarzschild
As a consistency check, we will now examine the evolution equations when we do
indeed have Z2 symmetry across the brane. This has the eect that for a given
quantity Q, Q ! Q and Q ! 0. We will also assume that the bulk cosmological
constant is negative, and set
n = −1
2
(n− 1)(n− 2)k2n. (3.47)
Our bulk solution is therefore given by equation (3.33) with
h(Z) = k2nZ
2 + κ− c
Zn−3
(3.48)
Note that the integration constant c gives the Weyl tensor contribution. For c = 0,
(3.33) represents pure AdS space with the appropriate slicing (depending on κ). For
c > 0 we have the AdS-Schwarzschild metric, with its horizon at the point where h
vanishes. In the spirit of Randall-Sundrum, we will construct the brane by cutting
away the AdS boundary in each bulk, and then gluing together. This imposes the
choice  = 1. Again, dening H = _Z/Z, we nd that the cosmological evolution





n− 2(σ + ρ) (3.49a)





























ρ(ρ + p) (3.49c)
where we recall that a = σ2n− k2n represents the cosmological constant on the brane,
and σn is dened by equation (3.15). We have also used the relationship (3.13) to
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include the (n − 1)-dimensional Newton’s constant. Notice that equations (3.49b)
and (3.49c) agree with equations (3.21a) and (3.21b) derived using the brane based
approach. However we have now been able to explicitly include the the bulk Weyl
term, which we were not able to do previously.
Although we have come a long way using the bulk based approach, this is as far
as we can go. The main limitation is that we can only consider FRW branes, but
that is ne if we wish to examine cosmological branes. The brane based approach
had the advantage that we can generalise to more complicated brane geometries.
To conclude this section, we reiterate two interesting features to arise in brane
cosmology. The rst is the quadratic energy-momentum terms. One can generally
ignore these if the densities are small (for example, when the scale factor is very
large), although not otherwise. The second feature is the eect of the bulk Weyl
tensor on these cosmologies. We will see in chapters ?? and ?? how this can be
understood from the point of view of AdS/CFT.
Chapter 4
Bubbles and ribbons on the brane
4.1 Introduction
In chapter 2, we saw why the RS2 model was so compelling, and why it has been
taken as a viable toy model for our universe. The key feature is that gravity on the
brane is precisely Einstein gravity at low energies, i.e.,
Rab − 1
2
Rgab = 8piGTab (4.1)
This result is of course perturbative [?,?], and does not include the eect of the short-
range KK corrections. Strictly speaking it is only valid for a single brane universe
{ the presence of a second wall, as in RS1 [?], introduces a radion, representing
the distance between the branes and modifying the Einstein gravity to Brans-Dicke
gravity [?,?,?,?]. Non-perturbative results however, particularly understanding the
eect of the KK modes, are somewhat sparse. In chapter 3, we began a study of non-
perturbative braneworld gravity by examining their cosmology. The most notable
eect was the deviation from the standard four-dimensional cosmology via quadratic
energy density and pressure terms in the FRW equations. The most obvious example
of strong brane gravity would be a black hole bound to the brane. Although this
has been well understood for a 2-brane in four dimensions [?], we know very little
about the higher dimensional analogue.
In this chapter we will investigate non-perturbative gravity by considering the
eect of a domain wall living entirely on the brane [?, ?]. Recall that braneworld
40
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universes are really only domain walls themselves [?], so the codimension 2 objects
(or vortices) we are considering can be regarded as nested domain walls (see g-




Figure 4.1: A nested domain wall, or vortex on an (n− 1)-brane.
For example, suppose we have a λφ4 kink interacting with an additional scalar, σ,
via a potential of the form
First of all, transform the (r, z) coordinates to complex coordinates (ω, ω) where
ω = z + ir, ω = z − ir, in which the bulk equations of motion reduce to:










∂ ∂ν = − 1
4(n− 2)nA





∂A∂[ln ∂A] = 2∂ν∂A (4.2c)
∂A∂[ln ∂A] = 2∂ν ∂A (4.2d)
where ∂ and ∂ denote partial dierentiation with respect to ω and ω respectively. For
non-zero n or κ, equations (4.2c) and (4.2d) can be integrated to give e
2ν = A0f 0g0,
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with f and g being arbitrary functions of the complex
variables. The remaining equation (4.2a) for A becomes an ODE.
Were the brane not present, we could use the fact that the metric depends only
on the combination f + g to make a coordinate transformation in the bulk which
would give the metric in the familiar simple canonical form
The addition of the brane, however, requires that the Israel conditions be satised
at z = 0 in the original coordinates. These turn out to have a scaling symmetry
ω ! W (ω), ω ! W (ω), so we are free to choose f or g (but not both) as we wish.
The net result is that our brane becomes some boundary of the bulk (??) identied
with the boundary of some other general bulk. The vortex (or ribbon), in these
coordinates, becomes a kink on this boundary as we shall see. Introducing the ane
parameter ζ which parametrizes geodesics on the brane normal to the vortex, the
brane is now given by the section (xµ, R(ζ), Z(ζ)) of the general bulk metric. Note
that we now have the condition
For simplicity, we will now assume our brane universe is Z2 symmetric. This has
the eect that for any intrinsic bulk quantity Q, Q ! Q and Q ! 0. We also
assume that the integration constant, c, vanishes and that the bulk cosmological
constant is given by
Before turning to the instanton solutions, we will remark on a few straightforward
domain ribbon solutions in order to gain an understanding of the geometrical eect
of the ribbon. In particular, we will discuss the gravity of nested domain walls from
the point of view of observers on the brane.
4.2 Domain ribbon solutions
In this section we examine the solutions to (??), exploring their qualitative features
as well as some useful illustrative special cases. We begin by integrating the Z-
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equation (??) away from the vortex:
In order to see how these trajectories embed into the bulk AdS spacetime, it
is useful to transform into conformal coordinates, (~t, ~x, u) in which the metric is
conformally flat:
To put a vortex on the braneworld, we require solutions with non-zero µn, and
hence a discontinuity in Z 0. To achieve this, we simply patch together dierent
branches of the solutions (??) for ζ > 0 and ζ < 0. We immediately see that critical
and supercritical branes can only support a vortex if κ = 1, that is, if the induced
metric on the vortex itself is a de-Sitter universe. A subcritical brane on the other
hand can support all induced geometries on the vortex. Dening k2n−1 = jaj, these
trajectories are
4.2.1 The domain ribbon in a vacuum bulk
In order to examine the geometry of the ribbon it is useful to consider a vacuum
bulk spacetime. This will obviously represent a vortex living on a supercritical
braneworld. There is no warping of the bulk due to the cosmological constant so we
can clearly compare the ribbon spacetime to that of an isolated vortex (σn = 0) or a
pure de-Sitter domain wall (µn = 0). Since the bulk cosmological constant vanishes,
we have
kn = 0 ) kn−1 = σn (4.3)
Note that the pure domain wall universe is a hyperboloid in Minkowski spacetime [?,
?]. Specically it is an accelerating bubble of proper radius σ−1n , with κ = 1.
Meanwhile, we also note that the pure δ-function isolated vortex solution has a
conical decit metric
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We can read o the domain ribbon trajectory from equations (??) and (??). In












[4 sin(σnζ) µn[cos(σnζ)− 1]] (4.4b)
where we preserve the region Z < Z(ζ) of the bulk:
Looking at a constant time slice (gure 4.2) we also see how the domain ribbon
looks like a vortex, with the identications giving rise to a conical decit angle in
Identify
β
Figure 4.2: Taking a constant time slice through the vacuum domain wall plus vortex
spacetime shows how the decit angle is built up.
terms of the overall n-dimensional spacetime. We nd that
Finally, we note that the induced metric on the brane is given by
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The tension of the critical RS brane satises the relation σn = kn. Here we have
pure AdS space in the bulk so kn > 0. Since a = 0, a domain ribbon on this brane
must have κ = 1, that is ‘spherical’ spatial geometry. In (R, Z) space, the brane




− jζ j (4.5a)








For the full spacetime we keep the region Z < Z(ζ) of the bulk:
Meanwhile, the ζ > 0 branch is a hyperboloid in the bulk centered on u =
1/2k2nu0 with comoving radius 1/2k
2
nu0. As µ increases, more and more of the
hyperboloid is removed, with the spacetime ‘disappearing’ only as µ !1. This is
the same behaviour as we found in section 4.2.1 for the domain ribbon in a vacuum
bulk. As before, this is normal behaviour for a domain wall, but very dierent to
what one would expect from a vortex.
In order to examine the geometry on the brane more carefully, we note that the
induced metric on the brane is given by
Notice that the induced metric on the braneworld
We conclude this section by emphasizing its main result. In each of the examples
we have looked at, the geometry on the brane has been in exact agreement with the
geometry predicted by (n− 1)-dimensional Einstein gravity, without any knowledge
of the bulk. This is a remarkable result because it means that, at least in this highly
symmetric set up, RS braneworld models exhibit localisation of gravity on the brane,
even in the non-perturbative regime.
We have had the added bonus that we have seen how to construct nested
braneworld congurations. In the next section we will use the same tools to con-
struct braneworld instantons.
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4.3 Instantons and tunneling on the brane
Traditionally, instantons correspond to classical Euclidean solutions to the equations
of motion. In many cases, they represent a quantum tunneling from a metastable
false vacuum to a true vacuum. In [?], Coleman and de Luccia discussed the eect
of gravity on these decays. Such processes, of course have direct relevance for cos-
mology, as they correspond to a rst order phase transition, and hence a dramatic
change in the structure of our universe.
In [?], the authors evaluated the probability of nucleation of a true vacuum bub-
ble in a false vacuum background. They focussed on two particular congurations:
a flat bubble spacetime in a de Sitter false vacuum; and an AdS bubble spacetime
in a flat false vacuum. This was before the idea of large extra dimensions was
fashionable, so the analysis was done in just the usual four dimensions.
We now have the tools to develop these ideas in a braneworld set up. To replicate
the congurations of [?], we just have to patch together our brane trajectories in the
right way. Recall that these trajectories are given by equation (??), along with the
critical brane solution, u = const. In Euclidean signature, the former are shaped
like spheres and were illustrated in gures ?? to ??. However, when patching these
solutions together, we should be aware of a slight subtlety. In equation (??), the
µnσnδ(ζ) term does not make sense if we have branes of dierent type either side of
the vortex. Suppose we have a brane of tension σ+n in ζ > 0, and σ
−
n in ζ < 0, we
must then modify equation (??) by replacing σn with σn, where
We are now in a position to reproduce the work of [?] in our higher dimensional
environment. Let us consider rst the decay of a de Sitter false vacuum, and the
nucleation of a flat bubble spacetime.
4.3.1 Nucleation of a flat bubble spacetime in a de Sitter
false vacuum
We now describe the braneworld analogue of the nucleation of a flat bubble spacetime
in a de Sitter false vacuum. The de Sitter false vacuum is given by a supercritical
